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Fréchet space setting Definition

N e se g Examples

A Fréchet space X is a metrizable and complete Ics.
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Fréchet space setting Definition

N T e se g Examples

A Fréchet space X is a metrizable and complete Ics.

X = (Xa(H o Hn)neN) or X = projk(Xk7L£+1)’

where

Xe = (X kerlflo 1+ 1k) 5 ek X = Xe
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Fréchet space setting Definition

N corm ative setting Examples

A Fréchet space X is a metrizable and complete Ics.

X = (Xa(H o Hn)neN) or X = projk(Xk7L£+1)’

where

Xe = (X kerlflo 1+ 1k) 5 ek X = Xe

If tn: [1x Xk = Xny ta((Xk)k) := xn, then

HXkDX {5 )k: " xpq1 = x, ¥ €N}
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Fréchet space setting Definition

N corm ative setting Examples

A Fréchet space X is a metrizable and complete Ics.

X = (Xa(H o Hn)neN) or X = projk(Xk7L£+1)’

where

Xe = (X kerlflo 1+ 1k) 5 ek X = Xe

If tn: [1x Xk = Xny ta((Xk)k) := xn, then

HXkDX {5 )k: " xpq1 = x, ¥ €N}

Ln
X —+1> Xn+1

ln
\ l[/g+1

Xn
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Fréchet space setting Definition

N corm ative setting Examples

A Fréchet space X is a metrizable and complete Ics.

X = (X,(|| - |ln)nen) or X = proji(Xe, i),
where

X = (X er|- |l 1| - 1) s AT Xe = X

If tn: [1x Xk = Xny ta((Xk)k) := xn, then

HXk O X ={(x)k: "M X011 =x, VneN}

X tn+1 Xn+1
§ LZH [xIln = [lenx]lx,, Un = {x € X: [|x|[n<1}.

Xn
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Fréchet space setting Definition

Examples

@ C(K), [[flln:= max [[fV)]|,

0<j<n

Q@ C>(Q), ||f]|ln:= max max]f(f)(x)\, Q=U,Kn,

0<j<n xeKp
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Fréchet space setting Definition

Examples

@ C(K), [[flln:= max [[fV)]|,

0<j<n

Q@ C>(Q), ||f]|ln:= max max]f(f)(x)\, Q=U,Kn,

0<j<n xeKp

Q@ H(C"), H(D"),
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Fréchet space setting Definition

N Examples

@ C(K), [[flln:= max [[fV)]|,

0<j<n

Q@ C>(Q), ||f]|ln:= max max]f(f)(x)\, Q=U,Kn,

0<j<n xeK,
@ #(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

2
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Fréchet space setting Definition

N Examples

@ C(K), |Iflln:= max ||[f{]|o,
Se e e e EOGdl S U
@ #(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

I
© Schwartz space S(R"),
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Fréchet space setting Definition

N Examples

@ C(K), |Iflln:= max ||[f{]|o,
Se e e e EOGdl S U
@ #(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

}

@ Schwartz space S(R"),

0 s:={(x); €CY: YT Ix[%%* < +ooVk e N} =
proj £2((j);)-
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Fréchet space setting Definition
con Ative setting

N Examples

@ C(K), |Iflln:= max |[f0)]|,
Se e e e EOGdl S U
@ #(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

}
@ Schwartz space S(R"),
0 s:={(x); €CY: YT Ix[%%* < +ooVk e N} =
proj £2((j);)-
s ~ S(R) ~ C*|a, b].
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Fréchet space setting Definition
con Ative setting

N Examples

@ C(K), |Iflln:= max |[f0)]|,
Se e e e EOGdl S U
@ #(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

}

@ Schwartz space S(R"),

0 s:={(x); €CY: YT Ix[%%* < +ooVk e N} =
proj £2((j);)-

s >~ S(R) >~ C™[a, b].
s is nuclear since id : £((j¥*2);) = £2((j*);) is nuclear.
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Fréchet space setting Definition

N C ative setting Examples

@ C=(K), [Iflla = max [[f0]]cc,
U<
(e'e} — (J _
© C(@), [[flls:= max max [{O(x)], Q=U,Kn
@ H(C"), H(D"),

0 w=1{(g); € C: [lxlls = max |

@ Schwartz space S(R")
0O s:={(x); €CN: I |x?* < +oo Vk e N} =
projiL2((j);)-
s~ S(R) ~ C*[a, b].
s is nuclear since id : £((j¥*2);) = £2((j*);) is nuclear.

Theorem (Komura, Komura)

A Fréchet space X is nuclear if and only if X C sV,
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

If Uis a 0-ngbd in s and B is bounded in s then
W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties S

If Uis a 0-ngbd in s and B is bounded in s then
W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
Caution: the above topology is not Fréchet.
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

If Uis a 0-ngbd in s and B is bounded in s then
W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
Caution: the above topology is not Fréchet.

Simplification: B(H) = B(H', H).

Krzysztof Piszczek The non-commutative Schwartz space



The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

If Uis a 0-ngbd in s and B is bounded in s then
W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
Caution: the above topology is not Fréchet.

Simplification: B(H) = B(H', H).

Conclusion: investigate L(s',s).
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

If Uis a 0-ngbd in s and B is bounded in s then

W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
Caution: the above topology is not Fréchet.

Simplification: B(H) = B(H', H).

Conclusion: investigate L(s',s).

Take Up == {x € s: ||x||n<1}, Uy :={€ €5 [£(x)|<1Vx € U,}
and define

W, :={T € L(s',s): sup || T¢||»<1}.
geuy
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

If Uis a 0-ngbd in s and B is bounded in s then

W(U,B):={T € L(s): T(B) C U} is a typical 0-ngbd in L(s).
Caution: the above topology is not Fréchet.

Simplification: B(H) = B(H', H).

Conclusion: investigate L(s',s).

Take Up == {x € s: ||x||n<1}, Uy :={€ €5 [£(x)|<1Vx € U,}
and define

W, :={T € L(s',s): sup || T¢||»<1}.
geuy

Then (W,), is a countable basis of 0-ngbds in L(s', s).
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The space L(s’, s)
Useful observations

Non-commutative setting ication in L(s’, s)
Properties of S

+oo
x€s & VneN: Z|xj-|2j2"<+oo,
=1
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s
Properties of S

+oo
XEs & VneN: Z|x|22"<+oo,
j=1

Ees & 3FIneN: 2\5\2*2" +00,
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The space L(s’, s)
he! ce sett Useful observations

Non-commutative setting Multiplication in L(s’, s
Properties of S

XEs & VneN: Z|x|22"<+oo,
Ees & 3FIneN: 2\5\2*2" +00,

consequently,
62‘—>$,, S‘—>€2.
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The space L(s’, s)
het ce setting Useful observations

Non-commutative settmg Multiplication in L(s’, s)
Properties of S

XEs & VneN: Z|x|22"<+oo,

Ees & 3FIneN: 2\5\2*2" +00,

consequently,
62‘—>$,, S‘—>€2.

Finally,
L(s',s) C B(¢3) (as linear spaces).
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
for x,y € L(s, s) define

Xy :=XO0LO0}y.
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
for x,y € L(s, s) define

Xy :=xo0L0y.
Duality of the pair (s, s’):

+oo

(u,&) ::ZUJE Vues tes.

j=1
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
for x,y € L(s, s) define

Xy :=xo0L0y.
Duality of the pair (s, s’):
+00 o
(u, &) == Zujfj Vues tes.
j=1

Involution:

(x*&,m) = (&xn) Yxel(ss), Enes.
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
for x,y € L(s, s) define

Xy :=xo0L0y.
Duality of the pair (s, s’):
+00 o
(u, &) == Zujfj Vues tes.
j=1

Involution:

(x*&m) = (§,xn) Vxel(ss), Enes.
L(s',s) ~s by (xij)ij — (xu1,x12, X1, X13, X22, X31, - - ).

Krzysztof Piszczek The non-commutative Schwartz space



The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Let .: s — s’ be the inclusion map,
for x,y € L(s, s) define

Xy :=xo0L0y.
Duality of the pair (s, s’):

+oo

(u,&) ::ZUJE Vues tes.

j=1

Involution:

(x*&,m) = (&xn) Yxel(ss), Enes.

L(s',s) = s by (xij)ij = (x11,X12, %1, X13, X202, X31, - - -).

Conclusion: S := L(s,s) is an Imc Fréchet involutive algebra.



The space L(s’, s)
Useful observations

Non-commutative setting ion in L(s’,s)
Properties of S

Notation: S:=S&C- idg,.

Krzysztof Piszczek The non-commutative Schwartz space



The space L(s’, s)
he! e sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Notation: S:=S&C- idg,.

Proposition (

Sisa Q-algebra.
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The space L(s’, s)
he! e sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Notation: S:=S&C- idg,.

Proposition (Domanski, 20
Sisa Q-algebra.

Corollary (Fragoulopoulou-Mallios, Phillips, 1984)

S is not a C*-convex algebra.
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The space L(s’, s)
he! e sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Notation: S:=S&C- idg,.

Proposition (Domanski, 20

Sisa Q-algebra.

Corollary (Fragoulopoulou-Mallios, Phillips, 1984)

S is not a C*-convex algebra.

Corollary (Inoue)

S is not a C*-convex algebra.
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The space L(s’, s)
Useful observations
Multiplication in L(s’, s)
Properties of S

Non-commutative setting

Theorem (Cias, 2012)

S and S admit a functional calculus for normal operators.
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The space L(s’, s)
ce setting Useful observations
Non-commutative setting Multiplication in L(s’, s)
Properties of S

Theorem (Cias, 2012)
S and S admit a functional calculus for normal operators.
Crucial is (DN) property, which gives

Lemma

If an € C, e, € s and (apen)n — bounded in s then (afe,), —
bounded in s for all 6 € (0,1].
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The space L(s’, s)
he ce sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Theorem (Cias, 2012)

S and S admit a functional calculus for normal operators.

Crucial is (DN) property, which gives

If an € C, e, € s and (apen)n — bounded in s then (afe,), —
bounded in s for all 6 € (0,1].

Corollary

If x>0in S then x €S V0 € (0,1].
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s
Properties of S

Recall that
+oo  +oo
el =sup { (Y| Y- x| e Zl€ 2j2<1}.
=1 j=1
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The space L(s’, s)
het ce setting Useful observations

Non-commutative settmg Multiplication in L(s’, s)
Properties of S

Recall that

Il =5 { (3 | S w2

=1 j=1

+
%. = 2-72n<1
j=1

By nuclearity, for arbitrary 1<p, g< + oo the original topology of S
is given by the norms:

|11 := sup{|[xElle,((iny;) : 11€lleg(—m);) <1}
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The space L(s’, s)
het ce setting Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Recall that

Il =5 { (3 | S w2

=1 j=1

+
%. = 2-72n<1
j=1

By nuclearity, for arbitrary 1<p, g< + oo the original topology of S
is given by the norms:

O |[x|n := sup{|[x€lle,((iny;) : 1I€lleg(-m)) <1}
oo ,1’
@ llxlln = (3 baglP(ii)")”.

ij=1
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

Recall that

+oo  +o00o 2 1 +oo
- 2 —
Ixlln = sup { (32| 3o x| #7)*: P lgi<a}.

i=1 j=1 =1

By nuclearity, for arbitrary 1<p, g< + oo the original topology of S
is given by the norms:
O |[x|n := sup{|[x€lle,((iny;) : 1I€lleg(-m)) <1}

1

o s = (E b’

ij=1

Fact

-~
(@]

If u, = ( 6’ 0 ) then (up), is an approximate identity in S.
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The space L(s’, s)
Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

S does not have b.a.i.
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The space L(s’, s)
he! ce sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

S does not have b.a.i.

Suppose (uq)q is any b.a.i.
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The space L(s’, s)
he! ce sett Useful observations

Non-commutative setting Multiplication in L(s’, s)
Properties of S

S does not have b.a.i.

Suppose (uq)q is any b.a.i. By nuclearity there exists
u=0(S,8") — limy uy.
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The space L(s’, s)
ce setting Useful observations
Non-commutative setting Multiplication in L(s’, s)
Properties of S

Proposition

S does not have b.a.i.

Proof.

Suppose (uq)q is any b.a.i. By nuclearity there exists
u=0(S,8") — limy uy. Take any x € S, ¢ € S’ and define
x.¢(y) == ¢(xy).
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The space L(s’, s)

het ce setting Useful observations
Non-commutative setting Multiplication in L(s’, s)
Properties of S

Proposition

S does not have b.a.i.

Proof.

Suppose (uq)q is any b.a.i. By nuclearity there exists
u=0(S,8") — limy uy. Take any x € S, ¢ € S’ and define
x.0(y) := ¢(xy). This gives ¢(xu) = ¢(x).

Krzysztof Piszczek The non-commutative Schwartz space



The space L(s’, s)
het ce setting Useful observations
Non-commutative setting Multiplication in L(s’, s)
Properties of S

Proposition

S does not have b.a.i.

Proof.

Suppose (uq)q is any b.a.i. By nuclearity there exists
u=0(S,8") — limy uy. Take any x € S, ¢ € S’ and define
x.0(y) := ¢(xy). This gives ¢(xu) = ¢(x). By Hahn-Banach

XU = X,
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The space L(s’, s)
het ce setting Useful observations
Non-commutative setting Multiplication in L(s’, s)
Properties of S

Proposition

S does not have b.a.i.

Proof.

Suppose (uq)q is any b.a.i. By nuclearity there exists

u=0(S,8") — limy uy. Take any x € S, ¢ € S’ and define

x.0(y) := ¢(xy). This gives ¢(xu) = ¢(x). By Hahn-Banach

xu = x, S has a unit — contradiction. ]
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